Deformation modulus is the important parameter in stability analysis of tunnels, dams and mining structures. In this paper, two predictive models including Mamdani fuzzy system (MFS) and multivariable regression analysis (MVRA) were developed to predict deformation modulus based on data obtained from dilatometer tests carried out in Bakhtiary dam site and additional data collected from longwall coal mines. Models inputs were considered to be rock quality designation, overburden height, weathering, unconfined compressive strength, bedding inclination to core axis, joint roughness coefficient and fill thickness. To control the models performance, calculating indices such as root mean square error (RMSE), variance account for (VAF) and determination coefficient (R 2 ) were used. The MFS results show the significant prediction accuracy along with high performance compared to MVRA results. Finally, the sensitivity analysis of MFS results shows that the most and the least effective parameters on deformation modulus are weathering and overburden height, respectively.
Introduction
Rock in nature is a discontinuous medium with natural fissures, fractures, joints, bedding planes, and faults. Deformability of rock mass depends upon the behavior of these discontinuities or weak planes. Both the frequency of joints and discontinuities, and their orientations with respect to the corresponding engineering structures and the roughness of the joints surfaces, play significant roles in the rock mass strength and load bearing capacity. Reliable characterization of the deformation behavior of jointed rocks is very important for the safe design of both mining and civil engineering structures (such as longwall mining, arch dams, bridge piers and tunnels). Hence, deformation modulus is one of the most important properties representing the mechanical behavior of rock masses, and it is used in various rock engineering projects including underground and surface structures [1] . In longwall mining, this parameter plays an important role in caving and fracturing of the panel roof rock strata and stress redistribution.
Commonly used approaches to estimate deformation modulus includes laboratory tests, in-situ loading tests and prediction by empirical equations. Researchers and scientific societies utilize various methods for determining the deformation modulus such as direct measurement using in-situ tests, indirect estimations based on rock mass classification methods, laboratorial result generalization for rock mass, etc [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The results obtained by all these methods are not of the same reliability; furthermore, the direct measurement method by use of in-situ test is ranked as the most reliable [7] . However, laboratory tests on limited size rock samples containing discontinuities cannot measure reliably values of deformation modulus due to the limitation of size of the testing equipment [8] . In-situ tests can provide direct information on the deformability of rock masses, however, as Bieniawski [9] noted, it is difficult to rely on one in-situ test alone as different results may be obtained even in a fairly uniform and good quality rock mass condition. Therefore, in order to obtain reliable results multi-tests are necessary which are expensive and time consuming.
Due to the difficulties encountered during the in-situ tests, developing of predictive models to estimate the deformation modulus based on the rock mass properties was always an attractive study domain among the rock engineers [11, 12] . On the other hand, the mechanical properties of rock masses are not clear-cut, and most of the times are associated with uncertainties due to their complex and inhomogeneous nature. For example, prediction of in-situ deformation modulus from geomechanical properties of the rock masses is difficult and usually associated with error. In other words, determination of deformation modulus is highly influenced by the uncertainties related to mechanical properties of intact rock and rock mass parameters. In recent years, predicting the rock mass properties by using artificial intelligence (AI) systems such as back propagation neural networks (BPNN), fuzzy systems, neuro-fuzzy systems and genetic algorithm (GA), has been an attractive research topic related to rock engineering practice [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Fuzzy inference systems (FISs) being one of the most capable branches of AI, which can cope with solution of complicated and ill-defined systems where many pertinent parameters have to be included. In the last two decades, an increase in fuzzy models applications in the field of geo-engineering, geosciences and engineering geomechanics has been observed [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] .
Compared to other soft computing methods, the advantage of fuzzy systems used in this study is that they are able to describe complex and nonlinear multivariable problems in a transparent way. Moreover, fuzzy models can cope with non-probabilistic (i.e., semantic) uncertainties which are common in rock engineering. This paper describes two predictive models based on Mamdani fuzzy system (MFS) and multivariable regression analysis (MVRA). The results have been analyzed, interpreted, and compared with each other and with the in-situ measured values as well. For this purpose, the most effective geological parameters that could be considered in the designing problems of rock engineering (such as tunneling and mining projects) have been incorporated in the modeling.
Data set
Some data were collected from Bakhtiary dam site which is located in the southwest of Iran, 70 km away from northeast of Andimeshk city (Khuzestan province) and 65 km away from southwest of Dorud city in Lorestan province, Iran. This dam site is located in the folded Zagros tectonic-sedimentary zone. Its bed rock consists of limestone and marly limestone, containing nodules of siliceous limestone (or chert). The limestone also may occasionally contain dolomitic material. In this case study, deformation modulus of rock mass was measured based on the dilatometer test. Dilatometer test is known as one of the most reliable, economical and simple in-situ tests for measuring the deformation modulus of rock mass and is widely used in a great number of major engineering projects. It has been applied for measuring deformation parameter of rock mass in a borehole. Some of important advantages of this test are low cost, repeatability of test at several depths of borehole in situation close to intact condition and probability of anisotropy assessment. The dilatometer model which used in Bakhtiary dam site is Interfels model, that is, the Slotter test model. However, performing tests and interpretation of data and result have been carried out based on ISRM suggested method [44] .
The rest of data obtained from the in-situ longwall panel roof rock measurements were reported in literatures. It should be noted that the geological characteristics of those coal mine sites are rather similar to those of the Bakhtiary dam site. Accordingly, these collected data is added to measured data in Bakhtiary dam site to build a database. In this study, parameters including overburden height, rock quality designation, weathering, unconfined compressive strength, bedding inclination to core axis, joint roughness coefficient and fill thickness were collected and then evaluated to develop Mamdani fuzzy system (MFS) and multivariable regression analysis (MVRA) models. For this purpose, 84 datasets were prepared for constructing the models. About 64 series of the datasets were used in developing the models and the rest of them were kept for testing the models. In selecting testing datasets, a sorting method was utilized. Statistical characteristics and variation of applied parameters in the modeling as well as their respective symbols are shown in Table 1 . Also, Table 2 shows some of the datasets used in the modeling.
Fuzzy systems
Fuzzy set theory was introduced by Zadeh (1965) to deal with the conception of the uncertainty due to imprecision and vagueness [45] . It provides a strict mathematical framework in which vague conceptual phenomena can be precisely studied. It can be considered as a suitable modeling language for vague and imprecision conceptual relations, criteria and phenomena. Imprecision here is meant in the sense of vagueness rather than the lack of knowledge about the value of a parameter [46] . In fact, it is a natural way to deal with imprecision problems by definition of class which represents continuum grades of membership. Therefore, a much wider scope of applicability in the field of pattern classification and information process is accessible by fuzzy sets [45] . Moreover, it performs numerical computation by using linguistic labels stipulated by membership functions [47] . In this way, contrary to a classical set in which the elements belong to, or not belong to a set, a fuzzy set degree of membership for each element is assigned in the unit interval between 0 and 1.
This theory can also be used for developing rule-based models which combine expert knowledge and numerical data [25] . Zadeh [48, 49] was the first to introduce the idea of analysis and system modeling by using linguistic terms, and since then, it has been the subject of considerable investigations [50] [51] [52] . A fuzzy system is normally composed of four basic elements including fuzzification, rule base, inference systems (operations) and defuzzification.
A graphic presentation of a fuzzy system is shown in Fig. 1 .
Fuzzification
The process of generating membership values for a fuzzy variable by using membership functions, or the process of converting a crisp input value to a fuzzy value is defined as a fuzzification. Fuzzification is fulfilled with the help of membership functions of different types, including linear (trapezoidal or triangular) and various forms of non-linear. The shape of the membership functions depends on the problem to be solved [38] . The most commonly used shape is the linear type, trapezoidal and triangular [53] [54] [55] . The membership function of a triangular and trapezoidal fuzzy set is calculated by the Eqs. (1) and (2), respectively.
where l(x) is the membership function of a fuzzy set; x the input or output parameter value; and a, b, c and d the constant.
Rule base
The fuzzy propositions need to be represented by an implication function. The implication function is called a fuzzy conditional statement or a fuzzy if-then rule [18] . A fuzzy conditional rule is generally made up of a premise and a consequent part, for example, ''if x is high (premise) then y is low (consequent)'', where the terms ''high'' and ''low'' can be represented by membership functions [47] .
In a fuzzy model, each rule is shown as a relation, which can be calculated by Eq. where l Ri (x, y) is the relation's membership degree of rule ''i'' according to ''x'' and ''y'' inputs; l Ai (x) and l Bi (y) the membership degrees of ''x'' and ''y'' inputs, respectively; ''I'' denotes the ''and'' or ''or'' operator and ''n'' the number of rules.
Inference system
The process of mapping from a given input to an output is performed by using a fuzzy inference mechanism. The mapping then provides a basis from which decisions can be made or patterns can be discerned. In inference systems, reasoning mechanism or aggregation of individual rules is implemented. These systems can perform the inference procedure upon the rules and can derive a reasonable output based on facts. In the last component, a conjunctive and/or disjunctive system can be used. In the conjunctive system, the rules are connected by ''and'' connectives whereas in the disjunctive system, the rules are connected by ''or'' connectives [56] .
Several rule-based fuzzy modeling methods have been proposed in the last two decades. There are several fuzzy inference systems that have been employed in various applications of these models. The most commonly used fuzzy inference systems are Mamdani algorithm, Takagi-Sugeno-Kang fuzzy (TSK) algorithm, Tsukamoto algorithm and Singleton algorithm. It should be mentioned that the consequences of fuzzy rules in the fuzzy algorithms are not same as each other, therefore, aggregation and defuzzification procedures would also be different [10, 29, 33, 35] .
Among the aforementioned models, Mamdani model is one of the most common algorithms used in fuzzy system. Mamdani model is preferred because it is easy to interpret and analyze. Probably this method is the most appealing to be employed in engineering geology problems. The Mamdani algorithm is one of the most used fuzzy models to apply in complex engineering geological problems, since most geological processes are defined with linguistic variables [38] . This model takes the following form [25] : ''If X I is A iI and X r is A ir then Y is B i for I = 1, 2, . . ., K'', where X I and X r are the input variables; A iI , A ir and B i the linguistic terms (fuzzy sets); Y the output variable; and K the number of rules.
Although many composition methods of fuzzy relations (e.g., min-max, max-max, min-min, max-mean) exist in the literature, max-min composition is the most commonly used technique [56] and it is selected for this study. In this method the rule-based system is described by Eq. (4):
where l Ck , l Ak and l Bk are the membership functions of output ''z'' for rule ''k'', input ''x'' and input ''y'', respectively.
Defuzzification
The outputs of fuzzy inference system based on the membership functions are the fuzzy values. If a crisp value is needed for the aggregated output, some appropriate defuzzification techniques should be employed to the aggregated membership function [56] . Defuzzification is the extraction of a representative crisp value from a fuzzy set. There exist several defuzzification methods such as centroid of area (COA), center of gravity, mean of maximum, smallest of maximum, etc., from which the most commonly adopted method is the COA method [55, 57] . In this method the crisp value is obtained by the following equation:
where z Ã COA is the crisp value for the ''z'' output; and l A (z) the aggregated output membership function [25] .
Mamdani fuzzy system to predict deformation modulus
In this paper, a Mamdani fuzzy system (MFS) is introduced for prediction of deformation modulus. To estimate deformation modulus, the input parameters including overburden height, rock quality designation, weathering, unconfined compressive strength, bedding inclination to core axis, joint roughness coefficient and fill thickness, are used. Structure of proposed MFS model with attributed inputs and corresponding output is shown in Fig. 2 .
For fuzzification of the input and output parameters of proposed fuzzy model, the most common types of membership functions (triangular and trapezoidal) are usually used [29] . However, the trial and error method is used for selecting the better type of membership functions in this paper. In this approach, single and synthetic structures of different membership functions were tested based on the minimum error of the model. Finally, it was concluded that the fuzzy model with combination of triangular and trapezoidal membership functions has the minimum error. The membership functions of input and output parameters are shown in the Figs. 3-10. In these membership functions, V stands for ''very'', H for ''high'', M for ''medium'', L for ''low''. Accordingly, VVL represents ''very very low''; VL for ''very low''; L for ''Low''; M for ''medium''; H for ''High''; VH for ''very high''; and VVH for ''very very high'' levels of the membership function of the parameters.
There is no defined criterion to determine the optimum number of rules. In fuzzy model the optimum number of rules (in rule base) is always obtained based on the expert experiences. Accordingly the rules should be increased until the system gives the optimum results. In order to construct the rule base of Mamdani fuzzy system (MFS) in this study, a total of 64 rules were developed based on data sets and experts' experiences. Fig. 11 shows some samples of fuzzy if-then rules of the model in the MATLAB environment. These rules are applied to fuzzy inference system based on the Mamdani algorithm. To obtain crisp (numeric) output values, defuzzification should be performed. The trial and error method was considered to select the better type of defuzzification method. Accordingly, the fuzzy system with centroid of area (COA) defuzzification method has the minimum error. Therefore, the centroid of area (COA) defuzzification method was selected in this paper, which is the most commonly used method [55, 57] . The developed MFS model can provide a precise estimation of deformation modulus once we enter a proper input data. Fig. 12 shows a model application in MATLAB environment. When input parameters are: H = 184 m; RQD = 100 (%); W = 85 (%); UCS = 107 MPa; I = 35°; JRC = 5; and FT = 2.5 mm, a 10 GPa of output (E m ) is predicted.
Multivariable regression analysis
The multivariable regression analysis (MVRA) is an extension of the regression statistical analysis that is employed to establish a mathematical formula in order to predict the dependent variables based on the known independent variables [58] . This method has been utilized in different fields of mining and rock engineering [13, 15, [59] [60] [61] . Here, a relationship between deformation modulus (output) and the other relevant parameters (inputs), i.e., overburden height, rock quality designation, weathering, unconfined compressive strength, bedding inclination to core axis, joint roughness coefficient and fill thickness, has been evaluated based on the multivariable regression. To generate multivariate relation on the basis of same database as considered for constructing the MFS model, the statistical software package MINITAB14 was used. Accordingly, the obtained coefficients between independent or predictor variables (inputs) and dependent variable (E m ) and also their statistical values including T and P values are shown in Table 3 .
Evaluation of models performance
For the evaluation of the models performance, testing datasets were utilized to evaluate their proficiency here. The testing data are about 20 datasets which are not used in models development and randomly selected from database.
Performance index
To validate and compare the acquired results from the MFS model and that of the MVRA model, three key performance indices (KPIs) including determination coefficient (R 2 ), variance account for (VAF) and root mean square error (RMSE) were chosen and calculated. The R 2 index is used to validate the predictive models based on the comparing between predicted and measured (real) values, and shows the correlation between them. Whereas, VAF shows the degree of difference between the variances of two datasets (i.e., measured and predicted values). Values of the VAF close to 100% indicate small variability and consequently better prediction capabilities. Moreover, the RMSE index represents the error between the results obtained from the predicted and real measured values. The lower the RMSE, the better the model performs. The above mentioned indices are calculated by these following equations [13, 36] :
where var() denotes the variance; n the number of datasets; A imeas the ith measured element; A ipred the ith predicted element; A ipred and A imeas the average of prediction and measured datasets, respectively.
To evaluate the models performance by using the above indices, testing data which were not incorporated in development of the models were used. Based on testing data, the models performance indices were calculated and summarized in Table 4 . It can be seen from the above comparisons that performance of MFS model in terms of R 2 , RMSE, and VAF is much better than MVRA model and also is desirable for engineering purpose.
Simulation results
The simulation results of the Mamdani fuzzy system (MFS) and multivariable regression analysis (MVRA) models are shown in Figs. 13 and 14. Also, Fig. 15 indicates the measured and predicted deformation modulus from MFS and MVRA models for 20 series testing data. From these figures, it is seen that the determination coefficient (R 2 ) is very high for MFS model as compared to the MVRA model. Hence, there are good accordance between the results of MFS model and measured data.
Sensitivity analysis
Sensitivity analysis was performed to determine the most effective input parameters on the output parameter. The cosine amplitude method (CAM) was used here [62] [63] [64] . In this method, all of the data pairs are expressed in common X-space. The data pairs are used to construct a data array X defined as:
Each of the elements, X i , in the data array X is a vector of lengths, that is:
Strengths of relations (r ij ) between output and input parameters can be calculated by using the following equation:
The strengths of relations (r ij ) values between the input parameters and predicted E m of MFS model are shown in Fig. 16 . As it can be seen from this figure, the effective parameters on the E m are weathering, unconfined compressive strength, rock quality designation, inclination to core axis, fill thickness, joint roughness coefficient and overburden height, respectively. Accordingly, weathering is the most effective parameter and the overburden height is the least effective parameter on the E m .
Conclusions
In this study, two new predictive models based on Mamdani fuzzy system (MFS) and multivariable regression analysis (MVRA) are proposed to predict the deformation modulus (E m ) of rock mass based on the dilatometer test results. For the estimation of E m , parameters including overburden height, rock quality designation, weathering, unconfined compressive strength, inclination to core axis, joint roughness coefficient and fill thickness were considered as the models inputs data. Performance evaluation of the proposed models was performed by using the determination coefficient (R 2 ), variance account for (VAF) and root mean square error (RMSE) indices. For the MFS model, R 2 , VAF, and RMSE were calculated as 95.44%, 94.84%, and 1.52, respectively, whereas, for the MVRA model, these indices were calculated as 74.44%, 73.85%, and 4.45, respectively. Comparison of the above mentioned results shows that the performance of MFS model is superior to the MVRA model. Also, it is observed that the simulation results of MFS model are closer to the real measured values compared to MVRA models results. Finally, the sensitivity analysis of the MFS results shows that the most effective parameters on the E m are weathering, unconfined compressive strength and rock quality designation, respectively. Accordingly, the most effective parameter on the E m is weathering, whereas overburden height is the least effective parameter. With regard to the aforementioned results, the proposed MFS model can be considered as an economical approach with high reliability to predict the deformation modulus of rock masses. Hence, the method could be used as a predictive model to estimate the deformation modulus of longwall panel roof rock strata as well.
